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Consider a finite directed graph (loops allowed) such that the number of 
directed paths from vertex i to vertex] of length three is a tied non-zero number 
for every distinct pair (i,j). If the graph has more than two vertices it is regular. 
1. INTRoDuC~~N 
Anf(x)-graph forf(x) a polynomial is a directed graph (loops allowed) 
whose (0, 1) incidence matrix 2, satisfies 
f(z) = D + AJ, (1.1) 
where D is diagonal, h # 0, and J is the matrix of ones. In general we 
normalize the problem by takingf(x) manic and requiring thatf(0) = 0. 
All non-regular quadratic graphs, i.e., f (x)-graphs with f of degree two 
are known [l, 21. For f(x) = x3, the digraph is characterized by the fact 
that the number of directed paths of length three joining any two distinct 
points is constant. This paper shows that excepting the digraph: 
an $-graph is necessarily regular. 
Note that, if 2 satisfies (1. l), so does PZPt for any permutation 
matrix P, and so we write A g B, A is equivalent to B if, for some permu- 
tation P, A = PBPt. The matrix equivalent of the present result can then 
be stated as follows: 
Let 2 be an yt x n matrix of zeros and ones such that Z3 = D + XJ, 
where D is diagonal and h # 0. Then, unless n = 2 and Z g (f i), Z has 
constant line sums and D is scalar. 
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2. THE STRUCTURE CR X~-GRAPRS 
uch is known about the structure of non-regular f (x)-graphs for 
arbitrary f(x) [l]. We cite here what these general properties assert for 
the 6ase f(x) = x3. If 2 is the (0, 1) incidence matrix for a ~~~-~~g~~a~ 
$-graph then 
where Zi of size ni x ni has constant line sums ri (E’ = 2,2) and 
Zi3 = dJ + XiJ for suitable di , Xi . Further the matrix 
satisfies bi” = AR + bl, where 
Z3 = diag(d, ,‘.., dl , d2 ,..., d,) + XJ and di = X(ri - ni) + b 
(i = 1, 2). (2.3) 
Note that, in the diagonal matrix above, dl occurs PZ~ times and d, , nz times. 
The submatrices 2, , Z, are called the regular constituents of Z and 
our proof is based on the fact that [O] and [I] are the only admissabk 
regular constituents. 
THEOREM. Let G be an x3-graph on more than two points. Then G B 
regular. 
The numbers b and X are readily calculated from. (2.2) and we find 
We set, for i = 1,2, vi = ni - ri and note that vi > 0. If G is not regular, 
since the row sums of Z are rl + n2 and n, -j- r2 we have II~ # v2 D 
therefore assume 
VI > 02 + 1. c=Q 
Now, since Zi is a (0, 1) matrix and Zi3 = d,I + &J, we must 
ds + hi > 0. We investigate dl + A, . We have r13 = dl + nlh, 3 
from (2.3) we obtain: 
n&d1 + Xl) = r13 + (n, - 1) d3. = r13 + (a1 - l)(A(r, - nl) + b). (2.5) 
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We set t = rl + r2 and introduce (2.4) into (2.6): 
MY1 + u 
= r13 + (n1 - w-l2 + rlr2 + r22 + nln2>(rl - 4 + t(w2 - rIr2)l 
zz v13 + nl(nl - lNr2v2 + rlv2 - n2vl - r121. 
Thus 
dl + X1 = r13 + (nl - l)[tv2 - rz2v1 - r12] 
= r12(r1 - n1 + 1) + (n, - l>(tv2 - n2vl> 
= r12(1 - q) + t(nl - 1)(v2 - v1 + 1) - (1 - Q) t(nl - 1) 
- n2hh - 1) 
= (v2 - v1 + 1) t(nl - 1) + (1 - vI)[rI(l - VJ + (nl - 1) v21 
- n2h - 1) 
= (v2 - v1 + l)(r12 + r2(nl - 1)) - v,(l - Q)” - n2(nI - 1). 
(2.7) 
Now, in view of (2.5), we must have n, = 1, lest C& + h, < 0. Further, 
from (2.5), v1 > 1 but IQ > 1 and 4 + A, > 0 force v2 = 0 while vr = 1 
forces v2 = 0 from (2.5). Thus, from (2.7), we have dI + A, = (1 - IJ~) r12 
and so r1 = 0, ~1~ = 1, r2 = rz2. But, if IZ~ > 1, we have 223 = n22J,, so 
that d, = 0 = X(r, - n2) + b = b, contradicting (2.4). Thus n2 = 1 and 
2, is the (1 x 1) matrix [l], 2, = [O]. 
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